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A general CES-utility function and endogenous labour supply

by Erik J.F. Canton, Henri L.F. de Groot and R. Nahuis

In the basic framework developed in the paper, we imposed perfed substitutability between
consumption and leisure, exogenous labou suppdy and constant returns to scae in production.
These assumptions are relaxed in this note in order to study the robustnessof the previously
derived results. For this am, we dlow for nonconstant returns to scade in production by
changing equation (5) in the main text into X = hL) (u>0) and turn badk to the CES-utility
function - equation (1) in the paper - and consider the charaderistics of the model for more
general values of a. We first look at exogenous labour supdy, and then we dso consider
endagenous labour supply.

Exogenous labour supply
By all owing for non-constant returnsto scdein the production d X-goods, the mark-up gicing
rule changesinto (seeCantonet al. 1999for detail s)
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Along thelines st out in Appendix A.1 d the paper, the dlocaion d labour and consumption
isthen derived as
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Solving the modd for the aiticd productivity increase using the general utility function as
spedfied in equation (1) in the paper and nolonger imposing perfed substitutability between
consumption and leisure adivity yields the foll owing F-function which solves for y*
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where ¢, = v'c; = e, = v'c.. Defining the mnsumption at t-t, as ¢, we can rewrite

equation (1) as
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This equationimplicitly yieldsthe solutionfor y". Sincethe expressonfor y* canna be solved
in closed-form, we resort to a graphicd and numericd anaysis to describe the dfeds from
intensified competition onthe aiticd productivity increase & different degrees of substitution
paosshiliti es between consumption and leisure.

To understandthe dfeds of competition onthe willi ngnessof consumersto adopt an improved
tedindogy at diff erent degrees of substitution between leisure and consumption it isimportant
to reaognize that the dedsionto adopt aff eds consumers' utility in essentially two ways:

1. There is an instantaneous negative dfed due to the lossin leisure asciated with
leaning. Thisinstantaneous effed is more negative if competitionis more fierce athe
reductionin leisure‘hurts' moreif the cnsumptionlevel ishigh.! The better substitutes
leisure and consumption are, the lessthe instantaneous eff ea diff ers at diff erent degrees
of competition. In the limiting case of perfed substitutability considered abowe, the
negativeinstantaneouseff ed isindependent of competition.Hence thenegativeleaning
effed isincreasing in the degreeof competition (unlesso=1) asthe reductionin leisure
time asciated with adoption is weighted more heavily.

2. There is a future positive dfed of adoption on ility assciated with incressed
productivity. This paositive dfed is gronger the larger the productivity incresse andis
reinforced by tougher competition.

Therearethustwo oppaing eff eds of competiti on onthewilli ngnessto adop. Thisisill ustrated
in Figures 1a-1c. These figures depict the F-function as afunction d the productivity increase
(y) at diff erent degrees of competiti on. Eadh figure represents adiff erent case with resped to the
elasticity of substitution between leisure and consumption (that is, >0, a=0 and a<O0,
respedively). The first effed just described is refleded in the fad that at a high degree of
competition, F isrelatively low at y=1 (at which only thefirst, instantaneous effed is captured
by F). If the prodvctivity increase asociated with adoptionincreases, F increases and the more
so the stronger competitive forces are (refleded by the relative stegonessof the two F-curves).

! Stated differently, the marginal utility of leisure positively depends on consumption, and

consumption is higher in a more competitive environment.

2



Consumersareindifferent between adopting and keeping with the statusquo if F=0. The answer
to the question whether competition is good for growth depends on whether the F-curve
associated with ahigh degree of competition intersects the dotted line, representing F=0, to the
left of the intersection of the F-curve associated with the low degree of competition with the
horizontal axis.

Figure 1a: F-function, 0=0.5
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Figure 1b: F-function, a=0
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Figure 1c: F-function, a=-0.5
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In general, we can show that competition has no effect on the willingness to adopt if a=0 (see
below). In terms of our figures, thisis depicted in Figure 1b in which the F-curves associated
with different values of ¢ intersect the F=0 axis at one single point. The positive effect of
competition on the willingness to adopt is, in other words, exactly offset by the negative
(instantaneous) effect of competition onthewillingnessto adopt. In casele sureand consumption
arerelatively good substitutes (a>0) competition is good for growth (that is, thefuture positive
effect of competition dominates). Thisis represented in Figure 1a. If on the other hand leisure
and consumption are relatively bad substitutes (a<0) competition is bad for growth (that is, the
instantaneous effect dominates) as depicted in Figure 1c.

These results are numerically illustrated in Table 1 which is based on the following
parametrization of the mode: | =0.5, $=0.1, p=1.5, 6=0.5, N=1, =1, 6=0.9, 0=1.3, h=1 and
L=10. Theentriesinthe Tablegivethesolutionsfor thecritical productivity increasefor different

combinations of the elasticity of substitution between leisure and consumption and the degree
of competition.

Table 1. Critical productivity increase

£=3 £=6

a=-0.5 150 154
0=0.02 1.56 1.56
0=0.5 1.62 1.56




An analyticd solution can be obtained in the speda (Cobb-Douglas) case in which a~0. The
utility function then simplifiesto
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We can thus write the F-function as
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wherec = ¢ = ¢ = G4y = G.y/y’. Putting F equal to zero, the critical productivity increase

is straightforwardly derived as
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Note that this critical increase does not depend on the strength of competition asillustrated in
Figure 1b.
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Summarizing: competition is good for growth provided that consumers are sufficiently
flexible in that they are willing to accept a current loss in leisure which is to be
compensated by a futureincrease in consumption.

Endogenous labour supply

Next we consider the case of aCES-utility function and alow for endogenous|abour supply. The
aim of thisis twofold. First, we intend to illustrate the robustness of previous results for the
assumption of exogenous labour supply and second, we intend to illustrate that the resultsin the
paper do not hinge on the assumption that the old bear adoption costs (provided that p>1).

The time constraint in this version of the model reads as

1-I no schoding

v=1I-s-= { _
1-1-s schoding ()

where the schooling cost only needs to be made by the young and the medium aged (those that
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will work with the new technology in the next period and thus have to change technology).

Theindividual consumer maximises his utility in four steps. In thefirst step he decides whether
it isoptimal to engage in resistance activity (we return to this step below). In the second step,
optimal consumption and labour input are determined. The Lagrangian corresponding to this
problem takes the following form

@ = fe() + @1 -9 + N )P, -w) . (8)

The first order conditions are given by

Do fe() +¢-1-9)]Ye et +aP, = 0, )
9 o) +¢1-1-99Y 1 -1-9*t-aw = 0, (10)
L c()P,-wl = 0. (11)

Elimination of the Lagrange multiplier A from the first two FOCs yields

a-1 P
(5%
or,
c() = (1-1 —s)(Z;PC/w)l’(“’l) : (13)

The third step of the optimization determines how much of consumption expendituresis spent
on traditional and high-tech goods, respectively, while the fourth step determines how much of
expenditures on high-tech goods is spent on varieties of the high-tech good. The solutions of
these steps are as discussed in Appendix A.1 in the paper (but now for non-constant returnsto
scale in the production of X-goods; see aso the case of exogenous labour supply discussed
before). From the Cobb-Douglas structure of the composite good we have
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Using the resulting expressonfor P/w wefind
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In order to determine the equili brium of the model with endogenous labour supply, it iscrucia

to reaognize that there can exist two equili briain the model:

(A)  themedium-aged areinfavour of adogion.In thiscase, theyoung will also beinfavour
of adoption and bdh engage in schoding after which adoption d the new techndogy
takes place The old dsfavour adoptionin any case & they have nathing to gain from it
(under the ssumption that p>1);

(NA) the medium-aged dsfavour adogtion. In this case, it is uselessfor the yourg to engage
in schoding as the new tednology will not be aloped in any case. So in this
equili brium, nobod/ engages in the wstly adivity of getting aajuainted with the new
tedindogy.

These are the only two equili bria that can exist in the model. So what needs to be doreisto
determine the F-function for the medium-aged (taking into accournt that these ae the only two
equili bria) in order to determine whether adoptionwill t ake placeor nat. In thefirst equili brium
with adoption, we get
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Soweget asystem of five eguationsin fiveunknawns (1., 1”3 1. 13, 2 L, L) whichcan be
solved and yields the solution for c[ftl,l. The solutionfor Ctﬁl,tlfl (with the new, higher level of
productivity) is easily computed as before, under the assumption that no generation engages in
schoding (using equations (14)-(16)). In the second equili brium, with noadoption, we get

1 NA 1 NA 1 NA NA NA N NA
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Sowe ayain get asystem of five eyuationsinfiveunknawns (1., ¢ 1, Iy 2 Lyes Ly ) which
can be solved andyields the solutionfor ¢, ,. The solutionfor ¢}, ; (with the old level of
productivity) isagain easily computed (using equations (14)-(16)). We can then establi sh the F-
functionas
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This expresson can orly be analysed numericdly, but yields the solution for y". The dfeds of
competition ongrowth for diff erent el asticiti es of substitution between consumptionandleisure
areagainill ustrated graphicdly and numericdly asinthe cae of exogenouslabou suppy (with
the same parameter values as used there, except of course for the labour supdy which is now
endagenows). Both from the graphsandthe Table 2, it isevident that the results are qualit atively
unaffeded by the sssumption o endagenous labour suppy.



Figure 2a: F-function, 0=0.5
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Figure 2b: F-function, a=0
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Figure 2c: F-function, a=-0.5
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Table 2. Critical productivity increase

=3 £=6
a=-0.5 1.56 1.58
a=0.02 157 157
0=0.5 1.61 1.56

A secondimportant lessonto bedrawn from thisexerciseisthat relaxing the essumptionthat the
old generation hes to engage in schoding although they have passed away when the technd ogy
bemmes eff edive doesnat alter theresults. Theintuitionisclea: despitethefad that theold do
not losetimedueto leaning, they dislikethefad that the young and medium-aged lean astheir
labour supdy reduces consequently (and hencethe prices of the high-tech goodincrease). Note
that for this result the nonlineaity or scde dfed introduced by the assumption that p>1 is
crucial.
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