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Technical note accompanying 

‘Optimal Product Variety and Economic Growth: 
The Trade-off between Internal and External Economies of Scale’ 

by Henri L.F. de Groot and R. Nahuis

This note discusses a generalization of the model presented in the paper ‘Optimal Product Variety and
Economic Growth: The Trade-off between Internal and External Economies of Scale’ and briefly points
at the implications of this generalization for the stabilit y properties of the model. The model is similar
to the model in the paper, except for the modelli ng of the engine of growth. More specifically, we
generalize the engine of growth (equation 7) to  

where Lri represents research labour, U  is the research productivity parameter and V  captures the degree
of diminishing returns to R&D labour.   

Solution of the model
The solution procedure is as before and will now briefly be discussed (analogous to Appendix A in the
paper). Firms in the assembly sector perform a two-stage maximization procedure. In the first stage, they
solve 

where W C denotes profits and PX is the price index for the composite good. Optimization yields

which is the standard Cobb-Douglas result of constant income shares. 
The objective of firms in the intermediate goods sector can be written as

r is the interest rate at which firms could invest their money in the financial market. The current-value
Hamiltonian corresponding to this dynamic optimization problem reads as (where, in contrast to the
analysis in the main text, we allow for diminishing returns to research labour in knowledge accumulation
(VYX 1))
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where phi is the shadow price corresponding to knowledge. The first-order conditions to the inter-
temporal optimization problem are (assuming symmetry so that we can drop the brand index i)

according to which firms engage in mark-up pricing, 

showing that firms allocate R&D labour to this sector as long as the marginal benefits of doing so
(phU hV Lri p -1) exceed the marginal costs (w), and

which is the no-arbitrage condition. Using the expressions for the price of intermediates (equation (N.7))
and the allocation rule of research labour (equation (N.8)), we can derive

Note that the wage rate is the numéraire (w=1). In the steady state, the allocation of labour is constant,
and the number of firms is fixed. This gives rise to

So we can write the Ramsey rule as

This equation, that corresponds to equation (10) in the main text of the paper, is drawn in figure A.1 and
A.2 as the WW-curve. Using equations (N.7), (N.8), and (N.10), the no-arbitrage condition (N.9) yields

Imposing free entry and exit in the intermediate goods sector results in zero excess profits (equation (9)
in the paper). Substituting the price for intermediates (equation (N.7)) and equation (6) in the paper into
the zero-profit condition (equation (9) in the paper), it boils down to
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Figure A.1. 
Equilibrium solution of the model (V =1)

Figure A.2. 
Equilibrium solution of the model (V <1)

The firm size in relation to the size of the production department is thus equal to the mark-up. The rate
of return on investment can now be written as

For V =1, equation (10) in the main text of the paper results. This expression is drawn as the PP-curve
in figure A.1 and A.2. Confronting the realized (see equation (N.15)) and required rate of return (given
by equation (N.12)), yields the equili brium growth and interest rate. In figure A.1, the planned and
required rate of return have been depicted for the case in which V =1. Stabilit y of the interior solution
with a positi ve growth rate requires that the realized rate of return intersects the required rate of return
from above (see the discussion on stabilit y in the paper and Evans et al., 1998). The intuition for this is
that the cost of hiring more research labour (the required rate of return in terms of growth, equation
(N.12)) should rise more rapidly then the benefits of hiring them (the realized rate of return, equation
(N.15)). This holds if { ( | -1)>} -1>~ /U Lf. The solution corresponds to equation (11) in the main text. If
this restriction is not satisfied, corner solutions result, as we will show by discussing two alternative
positions of the WW-curve in figure A.1. The special case of logarithmic utilit y ( | =1; Case II in figure
A.1) which violates the first part of the inequality would, for example, result in a corner solution with
only one firm. Violation of the second part of the inequality - for example due to a very high subjective
discount rate (Case I in figure A.1) - would result in zero growth. For a more detailed analysis of corner
solutions in this type of model, we refer to Smulders (1994). Figure A.2 depicts a more general case of
logarithmic utilit y and V <1. In this case, a stable equili brium exists at point E’ . This result reveals that
the strictness of the stabilit y condition in case V =1 can be circumvented by allowing for diminishing
returns to research labour in knowledge accumulation.
 

The paper and the remainder of this note restrict attention to the linear research technology and cases in
which the imposed parameter restriction holds. The equili brium number of high-tech firms and the
allocation of labour can then be determined using labour market equili brium (equation (8) in the paper),
and 



     1 Use that under symmetry X = N � -1Nx = N � hLx.
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which shows how the assembly sector optimally chooses between labour and intermediates. This leaves
us with

This equation corresponds to equation (12) in the main text of the paper.

The first-best social optimum
We now turn to the solution of the first-best social optimum, allowing for diminishing returns to research
labour. The current-value Hamiltonian corresponding to the optimal-control problem given in section
4.1 of the paper is1

The first-order conditions corresponding to this problem are 

From equation (N.21), it is evident that employment in the assembly sector is constant. Using equation
(N.19), it then follows that NLx is constant. Substitution of the expressions for NLx and LC in the labour
market constraint (equation (8) in the paper) gives an expression for Lr and consequently for the optimal
growth rate as given in the main text. We have restricted attention in the main text to the case in which
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V =1.
Next, we turn to the determination of the optimal number of f irms in the intermediate goods

sector in the first-best social optimum. Differentiation of equation (N.20) with respect to time yields

We know by combining the equations (N.20) and (N.22) that

By differentiation of equation (3) in the paper with respect to time, we get (using symmetry among the
intermediate goods producers)

We now use the fact that in the steady state the allocation of labour is constant and that labour-market
equilibrium holds to arrive at 

This equation reflects that in the optimal allocation, the costs of investing in R&D (the right-hand side
of equation (N.26)) should equal the benefits (the left-hand side of equation (N.26)). The left-hand side
and right-hand side of this expression can be depicted in figures analogous to figures A.1 and A.2. In the
special case in which V =1, we need to impose { ( | -1)>1/(� -1)>~ /U Lf in order to avoid corner solutions.
Note the similarity between this condition and the condition imposed in the market equili brium. As
before, allowing for diminishing returns to scale in R&D labour (i.e. the Inada conditions are fulfill ed)
loosens this restriction.
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