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This note discussesa gereralization of the modépresentad in the paper ‘Optimal Product Variety and
EconomicGrowth: The Trade-off between Internal and External Econamiesof Scae’ and kriefly pants
attheimplications of this generali zaion for the stability properties of the model. The model is smilar
to the model in the paper, except for the modelling d the engine of growth. More spedficdly, we
generalize the engine of growth (equation 7) to

h = Eh,Ly, (N.1)

whereL,; represents research labour, £ isthereseach productivity parameter andy captures the degree
of diminishing returns to R&D labour.

Solution of the model

Thesolution procedureis as before and will now briefly be discussed (analogows to Appendix A in the
paper)Firmsinthe aseembly sedor perform atwo-stagemaximization procedure. Inthefirst stage, they
solve

max II. = CP.-wL.-P_X,

Lo, X

(N.2)

wherell. denotes profits an, is the price index for the composite good. Optimization yields
oIl

a_XC =0 < BCP. = XP,, and (N.3)
oIl

=0 < (1 - B)CP, = L.w, (N.4)
oL,

which is the standard Cobb-Douglas result of constant income shares.
The objective of firms in the intermediate goods sector can be written as

oo

max f by = L+l +LYwle "dt. (N.5)
0

r istheinterest rate & which firms could invest their money in the finarcial market. The arrent-value
Hamiltoniancorrespondng to this dynamic optimizaion problem reads as (where, in contrast to the
analysignthemaintext, we dl ow for diminishingreturnstoreseachlabou in knovledge acaumulation

(y<1))



H = xp; =~ (Ly+L,+Lyw +puEhLyi, (N.6)

wherep,; is the shadow price @rrespondng to knowledge. The first-order condtions to the inter-
temporal optimization problem are (assuming symmetry so that we can drop the branyl index
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according to which firms engage in mark-up pricing,
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SL T TWPEMLY =0 = w = pEyI (N.8)

showirg that firms alocae R&D labou to this ®dor as long as the margina benefits of doing so
(p.EhyL,"") exceed the marginal costs)( and

ﬁ + Lx&_e_l
Py, p, €

e-1 .
_prxT _pthry =P, © + ELry =r, (N.9)

whichistheno-arbitrage condtion.Usingthe expressonsfor the priceof intermediates (equation(N.7))
and the allocation rule of research labour (equation (N.8)), we can derive

- v -g = Zhy (y-D-=. (N.10)
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Notethat the wage rateis the numérairéw=1). In the stealy state, the dlocation of labour is constant,
and the number of firms is fixed. This gives rise to

PC _ px _
P =p— = Pg. (N.11)

g- = Bg, = Bg and —
C px

So we can write the Ramsey rule as
r=pp-1)g+0. (N.12)

Thisequation, that correspondsto equation (10) in the main text of the paper, isdrawninfigure A.1and
A.2 asthe WW-curve. Usingequations (N.7), (N.8), and (N.10), the no-arbitrage cndtion (N.9) yields

r=ELyLY". (N.13)

Imposingfree atry andexit in theintermediate goods sdor resultsin zero excessprofits (equation (9)
in the paper). Substitutingthe pricefor intermediates (equation (N.7)) and equation (6) in the paper into
the zero-profit condition (equation (9) in the paper), it boils down to



L +L +L, €
7 "o L, = (e-1)(L,+L). (N.14)
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Thefirm sizein relationto the size of the production degpartment isthus equal to the mark-up. The rate
of return on investment can now be written as

1 -1
[§JY+LfEY[§) ' (N.15)

r = (e-1) :

Fory=1, equation (10) in the main text of the paper results. This expresson is drawn as the PR-curve

in figure A.1andA.2. Confrontingtheredized (see guation (N.15)) and required rate of return (given

by equation (N.12)), yields the ejuili brium growth and interest rate. In figure A.1, the planned and
requiredrate of return have been depicted for the cae in which y=1. Stability of the interior solution
with apaositive growth rate requires that the redi zed rate of return interseds the required rate of return
from above (seethe discusson onstability in the paper andEvanset a., 1999. Theintuitionfor thisis
thatthe aost of hiring more reseach labour (the required rate of return in terms of growth, equation
(N.12)) shoud rise more rapidly then the benefits of hiring them (the redized rate of return, eqution

(N.15)). This holds i3(p-1)>e-1>6/EL,. The solution corresponds  equation (11) in the main text.
this restriction is not satisfied, corner solutions result, as we will show by discusgng two aternative
positionsof the WW-curveinfigure A.1. The spedal case of logarithmic utility (p=1; Casell infigure
A.1) which violates the first padf the inequality would, for example, result in a corner solution with

only orefirm. Violation d the second part of theinequality - for example dueto avery highsubjedive
discountrate (Casel infigure A.1) - would result in zero growth. For amore detail ed analysis of corner

solutionsin thistype of model, we refer to Smulders (1994). Figure A.2 depicts amore general case of

logarithmicutility and y<1.In this case, astable equili brium exists at point E'. Thisresult reveds that
the strictnessof the stability condtionin case y=1 can be drcumvented by allowing for diminishing

returns to research labour in knowledge accumulation.
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The paper and the remainder of thisnoterestrict attentionto the linea reseach techndogyandcasesin
which the imposed parameter restriction hdds. The eguili brium number of high-tech firms and the
allocationof labour can then be determined usinglabour market equili brium (equation (8) in the paper),
and
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whichshowshow the assembly sedor optimally chocses between labour andintermediates. Thisleaves
us with

_ [Bp-1) - (e-DEPL - (1-
N = d L.=1-B)L.
elB(p-1)EL, - 0] and L. = (1-P) (N.17)

This equation corresponds to equation (12) in the main text of the paper.

The first-best social optimum
We now turntothe solution o thefirst-best social optimum, all owingfor diminishingreturnstoresearch

labour.The current-value Hamiltonian ®@rresponding to he optimal-control problem given in sedion
4.1 of the paper is

1 -B(rn7o -
H = N ) o] g (19)

The first-order conditions corresponding to this problem are

oH B
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P +£ =0p, = P+ A k +pEL) = Op,,. (N.22)

Fromequation (N.21), it is evident that employment in the assembly sedor is constant. Using equation
(N.19), it then foll ows that NL, is constant. Substitution d the expressonsfor NL, and L. in the labour
marketconstraint (equation (8) in the paper) gives an expressonfor L, and consequently for the optimal
growthrate a given in the main text. We have restricted attentionin the main text to the cae in which

' Use that under symmet¥/= N“*Nx = N°hL,.



v=1.
Next, we turn to the determination d the optimal number of firms in the intermediate goods
sector in the first-best social optimum. Differentiation of equation (N.20) with respect to time yields

p ¢ N_Lc L,
- (1‘9)6 +N_L_C _Z - (Y - I)L_' (N.23)
C r
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We know by combining the equations (N.20) and (N.22) that
Py
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By differentiation d equation (3) in the paper with resped to time, we get (using symmetry amongthe
intermediate goods producers)

. LC
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We now use the fact that in the steady state the allocation of labmunstiant and that labour-market
equilibrium holds to arrive at

Ev(L,+L)

oo OB (N.26)

This equation refleds that in the optimal all ocation, the wsts of investingin R& D (the right-hand side
of equation (N.26)) shoud equal the benefits (the |eft-hand side of equation (N.26)). Theleft-hand side
andright-handside of thisexpressoncan be depictedinfiguresanalogowsto figuresA.1andA.2.Inthe
specialcase in which y=1, we need to impose B(p-1)>1/(0-1)>0/EL; in order to avoid corner solutions.
Note the simil arity between this condtion and the wndtionimpased in the market equili brium. As
before,allowingfor diminishingreturnsto scadein R&D labou (i.e. the Inada condtions are fulfill ed)
loosens this restriction.
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